Abstract. We discuss isomorphism questions concerning the Hopf algebras that yield HopfGalois structures for a fixed separable field extension L/K. We study in detail the case where L/K is Galois with dihedral group Dp, p ≥ 3 prime and give explicit descriptions of the Hopf algebras which act on L/K. We also determine when two such Hopf algebras are isomorphic, either as Hopf algebras or as algebras. For the case p = 3 and a chosen L/K, we give the Wedderburn-Artin decompositions of the Hopf algebras.
Introduction
Galois theory for purely inseparable field extensions was first considered by Jacobson [15] . More broadly, Chase and Sweedler defined the notion of a Hopf algebra acting on a purely inseparable extension of fields to obtain a weak analogue to the Fundamental Theorem of Galois theory [6] . The construction of these "Hopf-Galois" structures however, applies not only to purely inseparable field extensions but also to separable field extensions, as well as extensions of commutative rings (which will not be considered here).
In the groundbreaking paper [13] , Greither and Pareigis obtain a classification of Hopf-Galois structures on separable field extensions L/K. The most remarkable aspect of their classification is that it is entirely group-theoretic, depending on Gal(E/K) and Gal(E/L), where E is the normal closure of L/K: the structure of L/K is irrelevant (aside from these Galois groups). Much of the work to date has focused on counting the number of Hopf-Galois extensions, either directly (see, e.g., [4] , [5] , [8] , [12] , [18] , [19] , [20] , [21] ) or through results which facilitate computations (e.g., [2] ).
In the three decades since the publication of [13] , what has been lacking is a thorough investigation into the structure of the Hopf algebras which produce these Hopf-Galois structures. It is unclear how much the structure of the Hopf algebras also depends on group theory. To this end, we introduce some questions for study, including:
(1) Can a single K-Hopf algebra determine more than one Hopf-Galois structure on L/K? (2) Can two non-isomorphic K-Hopf algebras, each of which giving a Hopf-Galois structure on L/K, become isomorphic upon base change to some intermediate field K ⊂ F ⊂ L? (3) Can a single K-algebra be endowed with multiple coalgebra structures, resulting in multiple (non-isomorphic) Hopf algebras, giving different Hopf-Galois structures on L/K? (4) Can two non-isomorphic K-algebras, each of which giving a Hopf-Galois structure on L/K (after being endowed a coalgebra structure), become isomorphic as algebras upon base change to some intermediate field
It is not known whether the answers to these questions depend on knowledge of the fields, aside from their automorphism groups. Some specific cases-most notably the cases where Gal(L/K) is cyclic or elementary abelian-have been investigated by the authors in [17] . We note that L. Childs [10, Theorem 5] has shown that abelian fixed-point free endomorphisms of Gal(L/K) determine Hopf Galois structures on L/K whose Hopf algebras are isomorphic to H λ (see Example 2.4 for the definition of H λ ). Childs applies his result to the cases where Gal(L/K) is the symmetric group S n , n ≥ 5, and the dihedral group of order 4n, n ≥ 2. Thus in these cases, Childs has obtained an affirmative answer to Question (1) . In this paper, we will focus on the case where L/K is Galois with Gal(L/K) = D p , the dihedral group of order 2p for some prime p ≥ 3. In this instance, the questions above do in fact have satisfying group theoretic answers.
We start by reviewing Hopf-Galois theory and the Greither-Pareigis theory that yields the classification of Hopf-Galois structures in the separable case. We then apply Greither-Pareigis theory to describe the Hopf-Galois structures in the case that L/K is Galois with group D p ; there are p + 2 such structures, and while this was known previously (see [4] ) we provide a simpler description. We will show that there are three Hopf algebra isomorphism classes, and that base changing to a proper intermediate field still results in three distinct Hopf algebra classes. On the other hand, there are two K-algebra isomorphism classes, and base changing to any intermediate field (even L itself) does not change these isomorphism classes. We then find explicit bases for each of our Hopf algebras, and specializing to the case p = 3, we give an even more detailed description of the algebra structure.
In contrast, we point out that the Hopf-Galois theory in the purely inseparable case differs greatly to what is presented here. For example, if
, t primitive, can act in an infinite number of ways (see, e.g., [16] ), allowing for an infinite number of Hopf-Galois structures.
We thank the referee for comments and suggestions which improved the exposition and content of this paper.
Hopf Galois theory
In this section we recall the notion of a Hopf algebra, a Hopf-Galois extension, and the GreitherPareigis classification.
A bialgebra over a field K is a K-algebra B together with K-algebra maps ∆ : B → B ⊗ K B (comultiplication) and ε : B → K (counit) which satisfy the conditions
where mult : B ⊗ K B → B is the multiplication map of B and I is the identity map on B. A Hopf algebra over K is a K-bialgebra H with a K-linear map σ : H → H which satisfies
Let H be a finite dimensional, cocommutative K-Hopf algebra and suppose there is a K-linear action of H on L which satisfies
for all h ∈ H, x, y ∈ L, and that the K-linear map j :
is an isomorphism of vector spaces over K. Then we say H provides a Hopf-Galois structure on L/K. Example 2.1. Suppose L/K is Galois with Galois group G. Let H = K[G] be the group algebra, which is a Hopf algebra via
The action
provides the "usual" Hopf-Galois structure on L/K which we call the classical Hopf-Galois structure.
In general, the process of finding a Hopf algebra and constructing an action may seem daunting, but in the separable case Greither and Pareigis [13] have provided a complete classification of such structures. Let L/K be separable with normal closure E. Let G = Gal(E/K), G = Gal(E/L), and X = G/G . Denote by Perm(X) the group of permutations of X.
Theorem 2.2 (Greither-Pareigis). Let L/K be a finite separable extension. There is a one-to-one correspondence between Hopf Galois structures on L/K and regular subgroups of Perm(X) that are normalized by λ(G).
One direction of this correspondence works by Galois descent: Let N be a regular subgroup normalized by λ(G). Then G acts on the group algebra E[N ] through the Galois action on E and conjugation by λ(G) on N , i.e.,
For simplicity, we will denote the conjugation action of λ(g) ∈ λ(G) on η ∈ N by g η. We then define 
Theorem 2.2 can be applied to the case where L/K is Galois with group G (thus, E = L, G = 1 G , G/G = G). In this case the Hopf Galois structures on L/K correspond to regular subgroups of Perm(G) normalized by λ(G), where λ : G → Perm(G), λ(g)(h) = gh, is the left regular representation.
, the usual group ring Hopf algebra with its usual action on L. Consequently, ρ(G) corresponds to the classical Hopf Galois structure.
Example 2.4. Again, suppose L/K is Galois with group G. Let N = λ(G). Then N is a regular subgroup of Perm(G) which is normalized by λ(G), and N = ρ(G) if and only if N abelian. We denote the corresponding Hopf algebra by H λ . If G is non-abelian, then λ(G) corresponds to the canonical non-classical Hopf-Galois structure.
Thus, for G non-abelian there are at least two Hopf-Galois structures on L/K. We remark that if L/K is Galois with G simple and non-abelian, then these are the only Hopf Galois structures on L/K [3] .
Note that with the classical and the canonical non-classical structures, the regular subgroup N ≤ Perm(G) is isomorphic to G. The following example shows that this need not be the case in general.
. Then L/Q is Galois with elementary abelian Galois group G = r, s with r(
Let η ∈ Perm(G) be defined by η(r i s j ) = r i−1 s i+j−1 , and let N = η . It is routine to verify that N is a regular subgroup of Perm(G) which is normalized by λ(G). Since N is cyclic of order 4, N ∼ = G.
The group D p
Throughout this section, we let D p denote the dihedral group of order 2p for p an odd prime. Explicitly, we write
Let L/K be a Galois extension with group D p . We shall describe all of the regular subgroups of Perm(D p ) normalized by λ(D p ), and then address the isomorphism questions given in the Introduction. By Examples 2.3 and 2.4 we have regular subgroups ρ(
We construct other regular subgroups of Perm(D p ). 
and so,
which cannot happen unless i = 0. Hence η i = 1 N and N ≤ Perm(D p ) is regular. We now show that N is normalized by λ(D p ). Of course, it suffices to show that r η ∈ N and s η ∈ N . We have, for 
The Hopf algebra isomorphism questions
Let L/K be Galois with group D p . We have seen that the Hopf algebras which give Hopf-Galois
Here, we will investigate when two of these Hopf algebras are isomorphic. Note that throughout this section, when working with Hopf algebras, "isomorphic" refers to isomorphic as Hopf algebras; considering isomorphisms as algebras will be discussed in the next section.
Clearly, H c cannot be isomorphic to either
Generally, Hopf isomorphism questions reduce to group isomorphism questions.
Proposition 4.1. Let L/K be a finite separable extension, with Galois closure E, and let
Let N, N be regular subgroups of Perm(X) which are normalized by λ(G), and let H, H be their corresponding Hopf algebras. If We can use this proposition to show that the H c are all isomorphic.
. This is clearly an isomorphism; it remains to show that it respects the D p -actions. But since the D p -actions are identical with respect to the generators of the groups this is immediate:
On the other hand, we have:
which is a contradiction since r i = r −i if and Picking c = 0, we obtain the following. Theorem 4.6. There are three K-Hopf algebras which provide Hopf-Galois structures on a dihedral extension L/K of degree 2p, namely:
(1) The group algebra K[D p ], which provides the classical structure (2) The Hopf algebra H λ , which provides the canonical non-classical structure (3) A commutative K-Hopf algebra H 0 which provides p different structures.
We now wish to consider whether any two of the Hopf algebras above become isomorphic after base change to an intermediate field K ⊂ F ⊂ L. This question is relatively easy to answer in the dihedral case. Since a K-Hopf algebra H is commutative if and only if F ⊗ K H is commutative the Hopf algebra H 0 is not isomorphic to either K[D p ] or H λ after base change. What remains is to determine whether we can have
But this is also easy: Since the center Z(D p ) is trivial, the subgroup of
The algebra structure
Let L/K be Galois with group D p , Q ⊆ K. In this section we investigate the question of when two Hopf algebras providing Hopf-Galois structures on L/K are isomorphic as algebras. Throughout this section, when working with Hopf algebras, "isomorphic" refers to isomorphic as algebras. 
, where ζ p denotes a primitive pth root of unity.
(1)
The former case follows by noting that E = Q(α) for α ∈ E satisfying an irreducible monic polynomial of degree (p−1)/(2l) over Q. The latter case follows from observing that if ζ p +ζ What can be said about the decomposition of H λ ? Since H λ is left semisimple, the K-algebra H λ decomposes into a product of matrix rings over division rings,
The division rings R i are finite dimensional K-algebras. Now, there are exactly two 1-dimensional irreducible representations of D p , with characters χ 1 and χ 2 , corresponding to mutually orthogonal idempotents
. Both e 1 and e 2 are fixed by the action of D p , hence e 1 , e 2 ∈ H λ . It follows that
where q j ≥ 1 are integers and R j are division rings. For later use, we set S j = Mat qj (R j ) for
For the moment we assume p = 3, so that
Since the dimension of a division algebra over its center is a perfect square, we conclude that
where 1 ≤ q ≤ 2 and R is a division ring. If q = 1, then the corresponding division ring R is non-commutative. If q = 2, then R = K. Assume that the base field K = Q, and let L be the splitting field of x 3 − v over Q where v is not a 3rd power in Q. Let ζ 3 denote a primitive 3rd root of unity and let
is Galois with group D 3 . The Galois action is given as r(α) = ζ 3 α, r(ζ 3 ) = ζ 3 , s(α) = α, s(ζ 3 ) = ζ Then b ∈ L[D 3 ], and since b is fixed by all elements of D 3 , b ∈ H λ . Moreover, direct computation yields b 2 = 0. Thus the only possibility is that q = 2 in (3), and so, (Greither) . Let Q ⊆ K, and let L/K be a Galois extension with group G. Then
as K-algebras.
Proof. We prove the special case where G = D p . We thank C. Greither for the method of proof.
From (1) we obtain 
. So D p can be thought of as acting on these components. The two copies of L in the decomposition of L[D p ] descend to the two copies of K in the decomposition (2) of H λ , and each copy of Mat 2 L ⊗ K F descends to a component S = S j in the decomposition (2) of H λ ; the K-algebra S is an L-form of Mat 2 F . We want to show that S ∼ = Mat 2 F as K-algebras, and so
Let Aut(Mat 2 (F )) denote the automorphism group scheme of Mat 2 (F ) in the sense of [23, §7.6] . By [23, Theorem, p. 137 ] the isomorphism classes of L-forms of Mat 2 (F ) correspond to the cohomology set
where g, h ∈ D p , and I F is the identity map on F . The trivial element in
where φ is any element of Aut(Mat 2 (L ⊗ K F )). The L-form S comes from a particularly simple 1-cocyclef :
× . Thus, there is an induced map in cohomology
There is a special 1-cocycle in 
is trivial, and so, [q] is trivial, and consequently, [f ] is trivial. It follows that S ∼ = Mat 2 (K) as K-algebras, and so
Greither has provided a generalization of Hilbert's Theorem 90 to yield
is trivial, and so S ∼ = Mat 2 (F ) as K-algebras. It follows that
We summarize our findings in this section. The Hopf algebras that provide Hopf-Galois structures in the case that L/K is Galois with group D p fall into two K-algebra isomorphism classes represented by K[D p ] and H 0 . So a single K-algebra (e.g., K[D p ]) can be be endowed with multiple coalgebra structures, resulting in multiple (non-isomorphic) Hopf algebras (e.g., K[D p ], H λ ) giving different Hopf-Galois structures on L/K (e.g., classical and canonical non-classical).
Explicit structure computations
Let L/K be Galois with group D p , Q ⊆ K. We find generators over K for the Hopf algebras 
and since r h = h we have a i ∈ L r and r(b i ) = b i+2 for all i (where i + 2 is considered mod p).
which after interchanging i with p − i for all i = 0 gives
as well, but this followed previously since
Example 6.1. Suppose p = 3. Then
, s + rs + r 2 s, ys + r(y)rs + r 2 (y)r 2 s, y 2 s + r(y 2 )rs + r 2 (y 2 )r 2 s}.
We next consider the structure of H c , 0 ≤ c ≤ p − 1. If we write
where a i ∈ L for all i then, since r acts trivially on η,
Theorem of Galois theory, D 3 / r ∼ = C 2 is the group of the Galois extension F/K, where F = L r ; F is a quadratic extension of K. We write F = K[z]/(z 2 − b) for b ∈ K, z indeterminate. Now, D 3 / r ∼ = C 2 can be viewed as the group of automorphisms of N 0 ∼ = C 6 . We have
where the action of C 2 on F [C 6 ] is by the Galois group on F and as automorphisms on C 6 . Now, F is a C 2 -Galois extension of K, [14, We can also obtain the Wedderburn-Artin decomposition of H 0 in Example 7.2.
Proposition 7.3. Assume the conditions of Example 7.2. Then
as Q-algebras.
Proof. The ideal I determines an affine variety in X ⊆ Q 2 consisting of exactly six points: P 1 = (−2, 0), P 2 = (−1, 3), P 3 = (1, 3), P 4 = (2, 0), P 5 = (1, −3), P 6 = (−1, −3), This is the set of common zeros of the polynomials in I (Figure 1 ). Figure 1 : Graph of variety determined by I.
As a commutative Q-algebra, H 0 ∼ = Q[x, y]/I is a product of fields with dim Q (H 0 ) = 6. For 1 ≤ j ≤ 6, let (x j , y j ) be the coordinates of the point P j and let Ψ j : H 0 → Q denote the ring homomorphism defined asx → x j ,ȳ → y j . Then Ψ j is surjective and ker(Ψ j ) is an ideal I j of H 0 of dimension 5 over Q. Now,ȳ − y j − 6x + 6x j ∈ I j , yetȳ − y j − 6x + 6x j ∈ I k whenever j = k. Thus the ideals I j , 1 ≤ j ≤ 6, are distinct and therefore must arise by omitting one factor isomorphic to Q from the Wedderburn-Artin decomposition of H 0 . It follows that the decomposition of H 0 must contain at least 6 factors isomorphic to Q, hence H 0 ∼ = Q 6 .
